Abstract. A new framework for pricing European currency option is developed in the case where the spot exchange rate follows a subdiffusive fractional Brownian motion. An analytic formula for pricing European currency call option is proposed by a mean self-financing delta-hedging argument in a discrete time setting. The minimal price of a currency option under transaction costs is obtained as time-step
Introduction
The classical and still most popular model of option pricing is the Black-Scholes (BS) [1] . It is assumed that the price of risky asset V (t) is governed by a geometric Brownian motion, that is V (t) = V 0 e µt+σB(t) , V (0) = V 0 > 0 (1.1) where µ, and σ are fixed and B(t) is the Brownian motion.
Empirical research show that the BS model cannot capture many of the characteristic features of prices, such as: long-range dependence, heavy-tailed and skewed marginal distributions, the lack of scale invariance, periods of constant values, etc. In 1983, Garman and Kohlhagen (G − K) [2] presented a modified version of the BS model for pricing currency option. However, some scholars have argued that option pricing with utilizing the G − K model based on Brownian motion, cannot satisfactorily model for pricing currency option because currencies differ from stocks in financial markets. Hence, they have proposed some generalization of the G − K model to capture the phenomena from stock markets [2, 3] . To capture these non-normal behaviors, many researchers have considered other distributions with fat tails such as the Pareto-stable distribution and the Generalized Hyperbolic Distribution among others. Moreover, self-similarity and longrange dependence have become important concepts in analyzing the financial time series. There is strong evidence that the stock return has little or no autocorrelation. Since fractional Brownian motion (F BM ) has two important properties called self-similarity and long-range dependence, it has the ability to capture the typical tail behavior of stock prices or indexes.
The fractional Brownian motion (F BM ) model is an extension of the BS model, which displays the long-range dependence observed in empirical data. The F BM model is given by V (t) = V 0 exp{µt + σ B H (t)}, V 0 > 0, (1.2) where B H (t) is a F BM with Hurst parameter H ∈ [ 1 2 , 1). It has been shown that the F BM model admits arbitrage in a complete and frictionless market [4, 5, 6, 7, 8] . Wang [9] resolved this contradiction by giving up the arbitrage argument and examining option replication in the presence of proportional transaction costs in discrete time setting [10] .
Magdziarz [11] applied the subdiffusive mechanism of trapping events to describe properly financial data exhibiting periods of constant values and introduced the subdiffusive geometric Brownian motion
as the model of asset prices exhibiting subdiffusive dynamics, where V α (t) is a subordinated process (for the notion of subordinated processes please refer to Refs. [12, 13, 14] ), in which the parent process V (τ ) is the geometric Brownian motion defined in (1.1) and T α (t) is the inverse α -stable subordinator defined in the following way
is the α -stable subordinator with Laplace transform: E e −ηQα(τ ) = e −τ η α , 0 < α < 1 , where E denotes the mathematical expectation. Assuming that T α (t) is independent of the Brownian motion B(t). Moreover, he demonstrated that this model is free-arbitrage but is incomplete. In this regard, he presented a new formula for fair prices of European option with the corresponding subdiffusive BS model. For additional information about more models that describe such characteristic behavior, you can see [15, 16, 17, 18, 19] .
In this study, in order to capture the long-range dependence of interest rates and to examine option replication in the presence of proportional transaction costs in a discrete time setting, we consider the problem of pricing currency option, where the spot exchange rate is governed by a subdiffusive F BM as follows
Making the change of variable, B H (t) = µ+r f −r d σ t + B H (t), then we have
When the price of the underlying stock S t satisfies Eq. (1.6), we derive an explicit option pricing formula for the European currency call option. This formula is similar to the Black-Scholes option pricing formula, but with the volatility being different.
We denote the subordinated process W α,H (t) = B H (T α (t)), where B H (τ ) is a F BM and T α (t) is the inverse α -subordinator, which are supposed to be independent. The process W α,H (t) called a subdiffusion process. Particularly, when H = 1 2 , it is a subdiffusion process presented in [20, 21] . Fig. 1 shows typically the differences and relationships between the sample paths of the spot exchange rate in the F BM model and the subdiffusive F BM model. The rest of the paper proceeds as follows: In Section 2, we provide an analytic pricing formula for the European currency option in the subdiffusive F BM environment and some Greeks of our pricing model are also obtained. Section 3 is devoted to analyze the impact of scaling and long-range dependence on currency option pricing. Moreover, the comparison of our subdiffusive F BM model and traditional models is undertaken in this section. Finally, Section 4 draws the concluding remarks.
Pricing model for the European call currency option
In this section we derive a pricing formula for the European call currency option of the subdiffusive F BM model under the following assumptions: (i) We consider two possible investments: (1) a stock whose price satisfies the equation:
, 1), 2α − αH > 1 and r d , and, r f are the domestic and the foreign interest rates respectively. (2) A money market account:
where r d shows the domestic interest rate.
(ii) The stock pays no dividends or other distributions and all securities are perfectly divisible. There are no penalties to short selling. It is possible to borrow any fraction of the price of a security to buy it or to hold it, at the short-term interest rate. These are the same valuation policy as in the BS model. (iii) There are transaction costs which are proportional to the value of the transaction in the underlying stock. Let k denote the round trip transaction cost per unit dollar of transaction. Suppose U shares of the underlying stock are bought (U > 0) or sold (U < 0) at the price S t , then the transaction cost is given by k 2 |U |S t in either buying or selling. Moreover, trading takes place only at discrete intervals. (iv) The option value is replicated by a replicating portfolio Π with U (t) units of stock and riskless bonds with value F (t). The value of the option must equal the value of the replicating portfolio to reduce (but not to avoid) arbitrage opportunities and be consistent with economic equilibrium.
(v) The expected return for a hedged portfolio is equal to that from an option. The portfolio is revised every ∆t and hedging takes place at equidistant time points with rebalancing intervals of (equal) length ∆t, where ∆t is a finite and fixed, small time-step.
Remark 2.1. From [20, 22] , we have E(T m α (t)) = t mα m! Γ(mα+1) . Then, by using α -self-similar and non-decreasing sample paths of T α (t), we can obtain that α -self-similarand non-decreasing sample paths of T α (t),
Let C = C(t, S t ) be the price of a European currency option at time t with a strike price K that matures at time T . Then, the pricing formula for currency call option is given by the following theorem Theorem 2.1. C = C(t, S t ) is the value of the European currency call option on the stock S t satisfied (1.6) and the trading takes place discretely with rebalancing intervals of length ∆t. Then C satisfies the partial differential equation
with boundary condition C(T, S T ) = max{S T − K, 0} . The value of the currency call option is
and the value of the put currency option is
where Φ(.) is the cumulative normal distribution function.
In what follows, the properties of the subdiffusive F BM model are discussed, such as Greeks, which summarize how option prices change with respect to underlying variables and are critically important to asset pricing and risk management. The model can be used to rebalance a portfolio to achieve the desired exposure to certain risk. More importantly, by knowing the Greeks, particular exposure can be hedged from adverse changes in the market by using appropriate amounts of other related financial instruments. In contrast to option prices that, can be observed in the market, Greeks can not be observed and must be calculated given a model assumption. The Greeks are typically computed using a partial differentiation of the price formula. Theorem 2.2. The Greeks can be written as follows
Remark 2.2. The modified volatility without transaction costs (k = 0) is given by
which is consistent with the result in [23] . Letting α ↑ 1 , from Eq. (2.9), we obtain Remark 2.3. The modified volatility under transaction costs is given by
that is in line with the findings in [9] .
Empirical Studies
The aim of this section is to obtain the minimal price of an option with transaction costs and to show the impact of time scaling ∆t, transaction costs k , and subordinator parameter α on the subdiffusive F BM model. Moreover, in the last part we compute the currency option prices using our model and make comparisons with the results of the G − K and F BM models. 
Γ(α)
where H > 1 2 . Then the minimal volatility σ min is √ 2σ
H . Thus the minimal price of an option under transaction costs is represented as C min (t, S t ) with σ min in Eq. (2.8).
Moreover, the option rehedging time interval for traders to take is ∆t =
The minimal price C min (t, S t ) can be used as the actual price of an option.
In particular, since ∆t < 1, α ∈ ( 1 2 , 1) and
which displays that an increasing Hurst exponent comes along with a decrease of the option value (See Fig. 2 ).
On the other hand, if H ↑ In the following, we investigate the impact of scaling and long-range dependence on option pricing. It is well known that Mantegna and Stanley [25] introduced the method of scaling invariance from the complex science into the economic systems for the first time. Since then, a lot of research for scaling laws in finance has begun. If H = 1 2 and k = 0 , from Eq. (2.9) we know that σ 2 = σ
shows that fractal scaling ∆t has not any impact on option pricing if a mean self-financing delta-hedging strategy is applied in a discrete time setting, while subordinator parameter β has remarkable impact on option pricing in this case. In particular, from Eqs. (3.4) and (3.5), we know that σ min → σ 2
as H ≈ Now, we present the values of currency call option using subdiffusive F BM model for different parameters. For the sake of simplicity, we will just consider the out-of-themoney case. Indeed, using the same method, one can also discuss the remaining cases: in-the-money and at-the-money. First, the prices of our subdiffusive F BM model are investigated for some ∆t and prices for different exponent parameters. The prices of the call currency option versus its parameters H, ∆t, α and k are revealed in Fig. 2 . The selected parameters are S t = 1.4, K = 1.5, σ = 0.1, r d = 0.03, r f = 0.02, T = 1, t = 0.1, ∆t = 0.01, k = 0.01, H = 0.8, α = 0.9 . Fig. 2 indicates that, the option price is an increasing function of k and ∆t, while, it is a decreasing function of H and α . Without using the arbitrage argument, in this paper we derive a European currency option pricing model with transaction costs to capture the behavior of the spot exchange rate price, where the spot exchange rate follows a subdiffusive F BM with transaction costs. In discrete time case, we show that the time scaling ∆t and the Hurst exponent H play an important role in option pricing with or without transaction costs and option pricing is scaling-dependent. In particular, the minimal price of an option under transaction costs is obtained.
Appendix
Proof of Theorem 2.1. The movement of S t on time interval [t, t + ∆t) of length ∆t is
here θ = θ(t, ∆t) ∈ (0, 1) is a random variable according to process S t . Note that 1 6
where E α (.) is the Mittage-Lefller function [26] . Based on Lemmas 2.1 and 2.2 in [17] and Eq. (4.3), we have
By using the Taylor expansion we get
From Eq. (4.3), we obtain that Moreover, from assumptions (iii) and (iv), it is found that the change in the value of portfolio Π t is ∆Π t = U t ∆S t + r f S t ∆t + ∆F t − k 2 |∆U t |S t+∆t = U t ∆S t + r f S t ∆t + r d F t ∆t − k 2 |∆U t |S t+∆t + o(∆t), (4.10) where the number of bonds U t is constant during time-step ∆t. From assumption (v), C(t, S t ) is replicated by portfolio Π(t). Thus, at time points ∆t, 2∆t, 3∆t, ..., we have C(t, S t ) = U t S t + F t and F t = 
